15.4 Center of Mass

New App: A thin plate (a lamina) with

density at each point given by

p(x,y) = mass/area (kg/m?),

we will see that the center of mass
(centroid) is given by

Moment abouty ffR@P(X, y)dA
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Motivation “the see-saw”
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In general: If you are given n points y A e
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Derivation: 0 X

1. Break region into m rows and n columns.
2. Find center of mass of each rectangle:

(fij» yij) Center of Mass:
3. Estimate the mass of each rectangle:
m; = p(Xij, yij)AA _ Moment abouty ffR xp(x,y)dA
4. Now use the formula for n points. X = Total M =
5. Take the limit. oral ass I, p(x,y)dA
moYn o _ Moment aboutx: ffR yp(x,y)dA
X = l_nll ]_nl U7y Y Total Mass [[. p(x,y)dA
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Example: Side note:
Consider a 1 by 1 m square metal plate.  The density p(x,y) = kx means that the
The density is given by p(x,y) = kx kg/m? density is proportional to x which can be

for some constant k. thought of as the distance from the y-
Find the center of mass. axis.
, _ 2 In other words, the plate gets heavier at
; K=3 /43 e a constant rate from left-to-right.
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Translations: heaNgier . Example: A thin plate is in the shape of
Density proportional to the dist. from... the region bounded between the circles
..they-axis - p(x,y) = kx. of radius 1 and 2 in the first quadrant.

..the x-axis -- p(x,y) = ky. The density is proportional to the

~theorigin - p(x,y) =kyx? + ¥ Gistance from the origin. '\,
Find the center of mass. 3@\-\{\/\9

Density proportional to the square of the AN o as
distance from the origin: \he
p(x,y) = k(x? + y?). JoJ Q€
cortner
Density inversely proportional to the distance OL\MaLé,

from the origin:
k

(x,y) =
R e
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